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We apply collinear expansion to inclusive hadron production in e+e− annihilation
and derive a formalism suitable for systematic study of leading as well as higher twist
contributions to fragmentation functions at the tree level. We make the calculations
for hadrons with spin-0, spin-1/2 as well as spin-1 and obtain the results in terms
of different components of fragmentation functions for the hadronic tensors, the
differential cross section as well as hadron polarizations in different cases. The results
show a number of interesting features such as the existence of transverse polarization
for spin-1/2 hadrons at the twist-3 level, the quark polarization independence of the
spin alignment of vector mesons.
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2I. INTRODUCTION
Fragmentation function is one of the most important physical quantities in describing
the hadron production in high energy reactions. It quantifies the hadronization of quarks
and/or gluons that occur in every high energy reaction process where hadron is produced
and is therefore a necessary ingredient in any complete description of processes involving
hadron production. The study of the fragmentation function provides not only such an
important ingredient in describing high energy reactions but also important information on
the properties of Quantum Chromodynamics (QCD) and is therefore a standing topic in the
field of high energy physics. Many progresses have been made and summarized in a number
of recent reviews [1]. Much attention has been attracted recently in particular in the spin
dependence [2–20]. This provides a new window to study fragmentation functions, to test
hadronization models and to learn the properties of QCD.
Like parton distribution functions, parton fragmentation functions can be defined in
terms of the quark and gluon field operators in a gauge invariant form. The relationship
between such gauge invariant fragmentation functions and the differential cross section is
essential to the study of such fragmentation functions and to the description of high energy
reactions. Such a relationship can be established using collinear expansion technique applied
to the corresponding reaction. To study the unpolarized reactions, collinear approximation
is often valid to high accuracy and the leading twist contributions are usually enough for the
description of hadron production without polarizations. This is in fact also the case in most
of the current studies where only leading twist contributions are considered. However, it is
unclear whether higher twist effects are also negligible in the polarized cases. In particular, in
the cases where transverse momentum is considered and the azimuthal asymmetry is studied,
such higher twist effects can be very important. It is therefore necessary and important to
make a study including the leading and higher twist contributions in a systematic way.
The plan of this paper series is to make such a systematic study of higher twist effects
in quark fragmentation processes. In this paper, we start with inclusive hadron production
in e+e− annihilation at high energies. We apply the collinear expansion technique to this
process and present the formalism for calculating leading and higher twist contributions in
a consistent and systematic way. We carry out the calculations up to twist-3 for spin-1/2 as
well as spin-1 hadrons using this formalism. We present the results obtained for the hadronic
3tensors, the differential cross sections and the polarizations of hadrons in different cases. We
also show how to proceed the calculations for contributions at twist-4 level and present the
results for spin-1/2 particle production as an example.
The rest of this paper is organized as follows. In Sec. II, we present the formalism for
calculating leading and higher twist contributions using collinear expansion technique. In
Sec. III, we carry out the calculations for the hadronic tensors for spin-0, spin-1/2 and
spin-1 hadrons and present the corresponding results up to twist-3. In Sec. IV, we present
the results for the differential cross sections and the polarizations of the hadrons. In Sec. V,
we discuss the twist-4 contributions and present the results for spin-1/2 hadrons. We make
a summary and give an outlook in Sec. VI.
II. THE FORMALISM
We consider the inclusive hadron production process, e+e− → h + X , as illustrated in
Fig. 1. We use l1 and l2 to denote the 4-momenta of the incoming electron and positron, and
q = l1 + l2 to denote the 4-momentum of the intermediate gauge boson. The momentum of
the quark is denoted by k and that of the produced hadron is denoted by p.
e−
e+
γ∗/Z0
q h
X
q¯
FIG. 1: Illustrating diagram for inclusive hadron production in e+e− annihilation.
For explicity, we consider e+e− annihilation into hadrons either via electromagnetic in-
teraction with the exchange of a virtual photon or via weak interaction with the exchange
of a Z0-boson. We do not consider the interference term and the results apply to reactions
near the Z0-pole where only the weak interaction term is considered or the energy is much
lower than Z0-mass where only electromagnetic interaction is needed. In this case, we get
the differential cross section as given by,
dσ =
g4Z
32s
Lµ′ν′(l1, l2)D
µ′µ
F (q)D
ν′ν∗
F (q)Wµν(q, p, S)
d3p
(2π)22Ep
. (1)
4Here Lµ
′ν′(l1, l2) is the leptonic tensor and for reactions with unpolarized leptons,
Lµ′ν′(l1, l2) =
1
4
Tr
[
Γeµ′/l 1Γ
e
ν′
/l 2
]
. (2)
where we use Γeµ′ instead of γµ′ since the intermediate boson can be a photon or a Z
0-
boson. In the case that the intermediate boson is a Z0-boson (weak interaction), we
have Γeµ′ = γµ′(c
e
V − c
e
Aγ
5) while Γeµ′ = γµ′ or equivalently cV = 1 and cA = 0 if it
is a photon (electromagnetic interaction). Correspondingly, the propagator is, Dµ′µ =
(gµ′µ − qµ′qµ/M
2
Z)/[(Q
2 − M2Z) + iΓZMZ ], and Dµ′µ = gµ′µ/Q
2 respectively. The weak
coupling gZ = g/ cos θW = e/ sin θW cos θW where e is the electron charge and θW is the
Weinberg angle. We note that, due to current conservation qµLµν = 0, the second part of
Z0 propagator does not contribute in this case. The leptonic tensor for Z0-exchange is given
by,
Lµ′ν′(l1, l2) =c
e
1 [l1µ′ l2ν′ + l1ν′ l2µ′ − (l1 · l2)gµ′ν′ ] + ic
e
3εµ′ν′ρσl
ρ
1l
σ
2 , (3)
where ce1 = (c
e
V )
2 + (ceA)
2 and ce3 = 2c
e
V c
e
A.
The hadronic tensor W µν is defined as,
W µν(q, p, S) =
1
2π
∑
X
(2π)4δ4(q − p− PX)〈0|J
ν(0)|p, S;X〉〈p, S;X|Jµ(0)|0〉. (4)
q k
p
q
µ ν
q
k1
p
q
k2
(a) (b1) (b2)
(c1) (c2) (c3)
q − k
q
k1
p
q
ρ
k2
ρ
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k1
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p
q
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q
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q − k
FIG. 2: The first few Feynman diagrams as examples of the diagram series with exchange of j
gluon(s). In (a), (b) and (c), we see the case for j = 0, 1 and 2 respectively. The gluon momentum
in (b) is k1 − k2, while in (c), they are k − k1 and k2 − k respectively.
5To the leading order, the hadronic tensor is shown in Fig. 2(a), and is given by,
W (0)µν (q, p, S) =
∫
d4k
(2π)4
Tr
[
Hˆ(0)µν (k, q)Πˆ
(0)(k, p, S)
]
. (5)
It is given by a trace of the calculable hard part,
Hˆ(0)µν (k, q) = Γ
q
µ(/q − /k)Γ
q
ν(2π)δ+
(
(q − k)2
)
, (6)
and the matrix element defined by,
Πˆ(0)(k, p, S) =
1
2π
∑
X
∫
d4ξe−ikξ〈0|ψ(0)|hX〉〈hX|ψ¯(ξ)|0〉. (7)
Here, as well as in the following of this paper, unless explicitly stated, a summation over
the quark flavor and color is implicit and the flavor index is omitted. In fact, the hard part
as that given in Eq. (6) is independent of quark color so that the summation over color
leads simply to a color factor Nc = 3. This should be included in the final result of the
cross section. Also, we use quark as an example for explicity. All the expressions can be
extended to include anti-quark contributions. We use the same forms for the expressions so
that we can simply include the anti-quark contributions by extending the sum over flavors to
anti-quarks as well. There is no essential difference between the calculations for quarks and
those for anti-quarks. The results are similar and we will specify if there is any difference in
the corresponding places in the following of this paper.
It is well known that, because the two quark fields in the matrix element Πˆ(0) do not
share the same space-time coordinate, Πˆ(0) is not local (color) gauge invariant. To get the
gauge invariant form, we need to consider the final-state interaction in QCD, and apply the
collinear expansion technique [21, 22]. The collinear expansion was first applied to deeply
inelastic lepton-nucleon scattering (DIS) and provides an unique way to obtain a consistent
formalism that relates the gauge invariant parton distribution and/or correlation functions
to the measurable quantities such as the differential cross section including leading as well
as higher twist contributions. It has been recently extended to semi-inclusive DIS with
nucleon and nucleus targets for jet production[23–27] and corresponding expressions for the
azimuthal asymmetries and nuclear dependences have been obtained. It is therefore also
necessary to apply collinear expansion to e+e− annihilation to obtain the corresponding
formalism in order to establish the relationship between the differential cross section and
the fragmentation functions. We now summarize the main steps and results in the following.
6A. Gauge invariance and collinear expansion
To get the gauge invariant form for the fragmentation function in e+e− annihilation, we
need to consider the multiple gluon scattering similar to those considered in deep inelastic
scattering [21]. In this case, we need to consider the diagrams with exchange of j = 1, 2, . . .
gluon(s) between the blob and the lower Fermion line in Fig.2(a). As examples, we show
those with exchange of one and two gluons in Figs. 2(b) and (c).
Taking such multiple gluon scattering into account, the hadronic tensor is given by,
Wµν =
∑
j,c
W (j,c)µν =W
(0)
µν +W
(1,L)
µν +W
(1,R)
µν + . . . , (8)
where we use the superscript to denote the contribution from the Feynman diagram with
exchange of j = 0, 1, 2, . . . gluon(s) and c denotes the position of the cut line which takes L
or R for j = 1, c = L, M or R for j = 2 and corresponds to Fig. 2(b1), (b2), (c1), (c2) and
(c3) respectively. For the case with one gluon exchange, we have,
W (1,c)µν (q, p, S) =
∫
d4k1
(2π)4
d4k2
(2π)4
Tr[Hˆ(1,c)ρµν (k1, k2, q)Πˆ
(1,c)
ρ (k1, k2, p, S)], (9)
where c = L or R and the hard parts are given by,
Hˆ(1,L)ρµν (k1, k2, q) =Γ
q
µ(/q − /k1)γ
ρ
/k2 − /q
(k2 − q)2 − iǫ
Γqν(2π)δ+
(
(q − k1)
2
)
, (10)
Hˆ(1,R)ρµν (k1, k2, q) =Γ
q
µ
/k1 − /q
(k1 − q)2 + iǫ
γρ(/q − /k2)Γ
q
ν(2π)δ+
(
(q − k2)
2
)
, (11)
and the soft matrices are defined as,
Πˆ(1,L)ρ (k1, k2, p, S) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξe−i(k2−k1)η〈0|gAρ(η)ψ(0)|hX〉〈hX|ψ¯(ξ)|0〉, (12)
Πˆ(1,R)ρ (k1, k2, p, S) =
1
2π
∑
X
∫
d4ξd4ηe−ik1ξe−i(k2−k1)η〈0|ψ(0)|hX〉〈hX|ψ¯(ξ)gAρ(η)|0〉. (13)
For j = 2, the corresponding results are shown by Figs. 2(c1), (c2) and (c3), and are given
by,
W (2,c)µν (q, p, S) =
∫
d4k1
(2π)4
d4k2
(2π)4
d4k
(2π)4
Tr[Hˆ(2,c)ρσµν (k1, k, k2, q)Πˆ
(2,c)
ρσ (k1, k, k2, p, S)], (14)
7where c = L, M or R, and the hard parts are given by,
Hˆ(2,L)ρσµν (k1, k, k2, q) = Γ
q
µ(/q − /k1)γ
ρ
/k − /q
(k − q)2 − iǫ
γσ
/k2 − /q
(k2 − q)2 − iǫ
Γqν(2π)δ+
(
(q − k1)
2
)
,
(15)
Hˆ(2,M)ρσµν (k1, k, k2, q) = Γ
q
µ
/k1 − /q
(k1 − q)2 + iǫ
γρ(/q − /k)γ
σ
/k2 − /q
(k2 − q)2 − iǫ
Γqν(2π)δ+
(
(q − k)2
)
,
(16)
Hˆ(2,R)ρσµν (k1, k, k2, q) = Γ
q
µ
/k1 − /q
(k1 − q)2 + iǫ
γρ
/k − /q
(k − q)2 + iǫ
γσ(/q − /k2)Γ
q
ν(2π)δ+
(
(q − k2)
2
)
,
(17)
and the soft matrices are difined as,
Πˆ(2,L)ρσ (k1, k, k2, p, S) =
1
2π
∑
X
∫
d4ξd4η1d
4η2e
−ik1ξe−i(k−k1)η1e−i(k2−k)η2
× 〈0|gAρ(η1)gAσ(η2)ψ(0)|hX〉〈hX|ψ¯(ξ)|0〉, (18)
Πˆ(2,M)ρσ (k1, k, k2, p, S) =
1
2π
∑
X
∫
d4ξd4η1d
4η2e
−ik1ξe−i(k−k1)η1e−i(k2−k)η2
× 〈0|gAσ(η2)ψ(0)|hX〉〈hX|ψ¯(ξ)gAρ(η1)|0〉, (19)
Πˆ(2,R)ρσ (k1, k, k2, p, S) =
1
2π
∑
X
∫
d4ξd4η1d
4η2e
−ik1ξe−i(k−k1)η1e−i(k2−k)η2
× 〈0|ψ(0)|hX〉〈hX|ψ¯(ξ)gAρ(η1)gAσ(η2)|0〉, (20)
We note that none of such soft matrices is local (color) gauge invariant. To get the gauge
invariant form, we need to apply the collinear expansion as proposed in [21], which is carried
out in the following four steps as summarized in [23].
(1) Make a Taylor expansion of all the hard parts around ki = p/zi, e.g.,
Hˆ(0)µν (k, q) =Hˆ
(0)
µν (z) +
∂Hˆ
(0)
µν (z)
∂kρ
ω ρ
′
ρ kρ′ +
1
2
∂2Hˆ
(0)
µν (z)
∂kρ∂kσ
ω ρ
′
ρ kρ′ω
σ′
σ kσ′ + · · · , (21)
Hˆ(1,L)ρµν (k1, k2, q) =Hˆ
(1,L)ρ
µν (z1, z2) +
∂Hˆ
(1,L)ρ
µν (z1, z2)
∂k1σ
ω σ
′
σ k1σ′ +
∂Hˆ
(1,L)ρ
µν (z1, z2)
∂k2σ
ω σ
′
σ k2σ′ + · · · ,
(22)
where, different from that for deeply inelastic scattering [23], for the fragmentation process,
zi is defined as zi = p
+/k+i . The momentum of the hadron is taken as p = p
+n¯ i.e. we use
the light cone coordinate and take the direction of motion of the hadron as z-direction. The
8unit vectors in this coordinate system are denoted by n¯, n and n⊥. In e+e−-annihilation,
we choose the lepton plane as xoz-plane and the transverse component of the momentum
of the incident electron is taken as the x-direction, and that of incident positron is in the
minus x-direction. The projection operator ω ρ
′
ρ is defined as ω
ρ′
ρ ≡ g
ρ′
ρ − n¯ρn
ρ′ . We also use
the short notations such as Hˆ
(0)
µν (z) ≡ Hˆ
(0)
µν (k, q)|k=p/z, ∂Hˆ
(0)
µν (z)/∂kρ ≡ ∂Hˆ
(0)
µν (k, q)/∂kρ|k=p/z
and so on.
Here, as usual in the collinear expansion, we neglect the n-component of the hadron
momentum. This component should take the form (M2/2p+)n, where M is the hadron
mass. Compared to the n¯-component, it is suppressed by a factor (M/p+)2 and contributes
only at twist-4 level. This was discussed in the past in e.g. [28, 29] and we will also come
back to this point in Sec. V where examples of twist-4 contributions are given.
(2) Decompose the gluon fields into longitudinal and transverse components, i.e.,
Aρ(y) = A
+(y)n¯ρ + ω
ρ′
ρ Aρ′(y). (23)
(3) Apply the Ward identities such as,
∂Hˆ
(0)
µν (z)
∂kρ
= −Hˆ(1,L)ρµν (z, z)− Hˆ
(1,R)ρ
µν (z, z), (24)
∂Hˆ
(1,L)ρ
µν (z1, z2)
∂k1,σ
= −Hˆ(2,L)ρσµν (z1, z1, z2)− Hˆ
(2,M)ρσ
µν (z1, z1, z2), (25)
∂Hˆ
(1,L)ρ
µν (z1, z2)
∂k2,σ
= −Hˆ(2,R)ρσµν (z1, z2, z2), (26)
pρHˆ
(1,L)ρ
µν (z1, z2) = −
z1z2
z2 − z1 − iǫ
H(0)µν (z1), (27)
pρHˆ
(1,R)ρ
µν (z1, z2) = −
z1z2
z1 − z2 + iǫ
H(0)µν (z2), (28)
pρHˆ
(2,L)ρσ
µν (z1, z, z2) = −
z1z
z − z1 − iǫ
H(1,L)σµν (z1, z2). (29)
(4) Add all the terms with the same hard part together and we obtain the hadronic tensor
in the gauge invariant form as given by,
Wµν =
∑
j,c
W˜ (j,c)µν = W˜
(0)
µν + W˜
(1,L)
µν + W˜
(1,R)
µν + · · · , (30)
9where the tilded W ’s are given by,
W˜ (0)µν (q, p, S) =
∫
dk+
2πp+
Tr
[
Hˆ(0)µν (z)Ξˆ
(0)(z, p, S;n)
]
, (31)
W˜ (1,L)µν (q, p, S) =
∫
dk+1
2πp+
dk+2
2πp+
Tr
[
Hˆ(1,L)ρµν (z1, z2)ω
ρ′
ρ Ξˆ
(1,L)
ρ′ (z1, z2, p, S;n)
]
, (32)
W˜ (1,R)µν (q, p, S) =
∫
dk+1
2πp+
dk+2
2πp+
Tr
[
Hˆ(1,R)ρµν (z1, z2)ω
ρ′
ρ Ξˆ
(1,R)
ρ′ (z1, z2, p, S;n)
]
, (33)
W˜ (2,L)µν (q, p, S) =
∫
dk+1
2πp+
dk+2
2πp+
dk+
2πp+
Tr
[
Hˆ(2,L)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ Ξˆ
(2,L)
ρ′σ′ (z1, z, z2, p, S;n)
]
,
(34)
W˜ (2,M)µν (q, p, S) =
∫
dk+1
2πp+
dk+2
2πp+
dk+
2πp+
Tr
[
Hˆ(2,M)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ Ξˆ
(2,M)
ρ′σ′ (z1, z, z2, p, S;n)
]
,
(35)
W˜ (2,R)µν (q, p, S) =
∫
dk+1
2πp+
dk+2
2πp+
dk+
2πp+
Tr
[
Hˆ(2,R)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ Ξˆ
(2,R)
ρ′σ′ (z1, z, z2, p, S;n)
]
.
(36)
Here, the new correlator Ξˆ(j)’s are given by,
Ξˆ(0)(z, p, S;n) =
∑
X
∫
p+dξ−
2π
e−ik
+ξ−〈0|L†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉, (37)
Ξˆ(1,L)ρ (z1, z2, p, S;n) =
∑
X
∫
p+dξ−p+dη−
2π
e−ik
+
1
ξ−−i(k+
2
−k+
1
)η−
× 〈0|L†(η−,∞)Dρ(η−)L†(0, η−)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉, (38)
Ξˆ(1,R)ρ (z1, z2, p, S;n) =
∑
X
∫
p+dξ−p+dη−
2π
e−ik
+
1
ξ−−i(k+
2
−k+
1
)η−
× 〈0|L†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−, η−)
←−
Dρ(η
−)L(η−,∞)|0〉, (39)
Ξˆ(2,L)ρσ (z1, z, z2, p, S;n) =
∑
X
∫
p+dξ−p+dη−1 p
+dη−2
2π
e−ik
+
1
ξ−−i(k+−k+
1
)η−
1
−i(k+
2
−k+)η−
2
× 〈0|L†(η−1 ,∞)Dρ(η
−
1 )L
†(η−2 , η
−
1 )Dσ(η
−
2 )L
†(0, η−2 )ψ(0)|hX〉〈hX|ψ¯(ξ
−)L(ξ−,∞)|0〉,
(40)
Ξˆ(2,M)ρσ (z1, z, z2, p, S;n) =
∑
X
∫
p+dξ−p+dη−1 p
+dη−2
2π
e−ik
+
1
ξ−−i(k+−k+
1
)η−
1
−i(k+
2
−k+)η−
2
× 〈0|L†(η−2 ,∞)Dσ(η
−
2 )L
†(0, η−2 )ψ(0)|hX〉〈hX|ψ¯(ξ
−)L(ξ−, η−1 )Dρ(η
−
1 )L(η
−
1 ,∞)|0〉,
(41)
Ξˆ(2,R)ρσ (z1, z, z2, p, S;n) =
∑
X
∫
p+dξ−p+dη−1 p
+dη−2
2π
e−ik
+
1
ξ−−i(k+−k+
1
)η−
1
−i(k+
2
−k+)η−
2
10
× 〈0|L†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−, η−1 )Dρ(η
−
1 )L(η
−
1 , η
−
2 )Dσ(η
−
2 )L(η
−
2 ,∞)|0〉,
(42)
where Dρ(η) = −i∂ρ + gAρ(η) is the covariant derivative, and the gauge link L is given by
the following path integral,
L(ξ−,∞) = Peig
∫
∞
ξ−
dη−A+(η−)
= 1 + ig
∫ ∞
ξ−
dη−A+(η−) + (ig)2
∫ ∞
ξ−
dη−1
∫ η−
1
ξ−
dη−2 A
+(η−2 )A
+(η−1 ) + · · · , (43)
which guarantees the correlation matrices gauge invariant.
The hard parts in the W˜ (j)’s such as those given by Eqs. (31)-(36) depend only on the
longitudinal momentum fractions of the quarks and they are given by,
Hˆ(0)µν (z) = Γ
q
µ
(
/q − /p/z
)
Γqν(2π)δ+
(
(q − p/z)2
)
, (44)
Hˆ(1,L)ρµν (z1, z2) = Γ
q
µ
(
/q − /p/z1
)
γρ
/p/z2 − /q
(p/z2 − q)2 − iǫ
Γqν(2π)δ+
(
(q − p/z1)
2
)
, (45)
Hˆ(1,R)ρµν (z1, z2) = Γ
q
µ
/p/z1 − /q
(p/z1 − q)2 + iǫ
γρ
(
/q − /p/z2
)
Γqν(2π)δ+
(
(q − p/z2)
2
)
, (46)
Hˆ(2,L)ρσµν (z1, z, z2) = Γ
q
µ
(
/q − /p/z1
)
γρ
/p/z − /q
(p/z − q)2 − iǫ
γσ
/p/z2 − /q
(p/z2 − q)2 − iǫ
Γqν
× (2π)δ+
(
(q − p/z1)
2
)
, (47)
Hˆ(2,M)ρσµν (z1, z, z2) = Γ
q
µ
/p/z1 − /q
(p/z1 − q)2 + iǫ
γρ
(
/q − /p/z
)
γσ
/p/z2 − /q
(p/z2 − q)2 − iǫ
Γqν
× (2π)δ+
(
(q − p/z)2
)
, (48)
Hˆ(2,R)ρσµν (z1, z, z2) = Γ
q
µ
/p/z1 − /q
(p/z1 − q)2 + iǫ
γρ
/p/z − /q
(p/z − q)2 + iǫ
γσ
(
/q − /p/z2
)
Γqν
× (2π)δ+
(
(q − p/z2)
2
)
. (49)
We will refer to them as the collinear-expanded hard parts in the following of this pa-
per. We also note that Hˆ
(1,L)ρ
µν (k1, k2, q) = γ
0H
(1,R)ρ†
νµ (k2, k1, q)γ
0, Hˆ
(2,L)ρσ
µν (k1, k, k2, q) =
γ0H
(2,R)σρ†
νµ (k2, k, k1, q)γ
0, and W˜
(1,L)
µν (q, p, S) = W˜
(1,R)∗
νµ (q, p, S), W˜
(2,L)
µν (q, p, S) =
W˜
(2,R)∗
νµ (q, p, S). We give the expressions for both of them for symmetry.
We emphasize that all the results given by Eqs.(31)-(36) are derived from the series of
diagrams such as those shown in Fig.2 following the four steps for the collinear expansion
described above. As in [21], we have carried out the derivations up to the second order in
g2 and have been convinced that such derivations can be extended to even higher orders if
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needed. The gauge links inside the correlators Ξˆ(j)’s are obtained in the derivations without
any arbitrariness. For example, all the first terms in the expansion of the W (j)’s with A+
component of gluon field are summed together to give the W˜ (0) where all the corresponding
terms containing A+ and j > 0 go to the gauge link. The first derivative term in the
expansion with ω ρ
′
ρ kρ′ is converted to ω
ρ′
ρ ∂ρ′ and combines with the ω
ρ′
ρ Aρ′(y) term to form
the covariant derivative and so on. We see also clearly why the projection operator ω ρ
′
ρ
exists in W˜ (j) for j > 0.
We also emphasize that using collinear expansion we obtain the hadronic tensor as a
sum of the W˜ ’s. Each of these W˜ (j) ’s receives contributions from all the infinite number of
diagrams in the diagram series as illustrated by Fig. 2. The contributions from this diagram
series are re-organized by using collinear expansion so that the correlators have the gauge
invariant forms given by Eqs.(37-42). We should note that the contributions of these W˜ (j)’s
to the hadronic tensor contain the leading and higher twists as well and can be calclulated
order by order. The leading contribution in each W˜ (j) is twist-(2 + j). We should also note
that, when going to twist-4 or higher, there are also contributions from other diagrams that
are not included in this diagram series. To make a complete study in that case, we need
also to take those contributions into account. In this paper, we concentrate only on the
results from this series of diagrams but specify clearly if more diagrams should be taken into
account for a complete calculation for the specified case.
B. Simplifying the Results
Another very nice feature of the results is that, because the collinear-expanded hard parts
given by Eqs. (44)-(49) contain only the longitudinal components of the quark momenta and
also due to the presence of the projection operator ω ρ
′
ρ in the cases for j > 0, these results
can be simplified in a great deal. The collinear-expanded hard parts, multiplied by the
projection operator(s) ω ρ
′
ρ for j > 0, can e.g. be simplified into,
Hˆ(0)µν (z) = z
2
Bπhˆ
(0)
µν δ(z − zB), (50)
Hˆ(1,L)ρµν (z1, z2)ω
ρ′
ρ = −
πz2B
2p · q
hˆ(1)ρµν δ(z1 − zB)ω
ρ′
ρ , (51)
Hˆ(1,R)ρµν (z1, z2)ω
ρ′
ρ = −
πz2B
2p · q
γ0hˆ
(1)ρ†
νµ γ0δ(z2 − zB)ω
ρ′
ρ , (52)
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Hˆ(2,M)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ =
2πz2B
(2p · q)2
hˆ(2)ρσµν δ(z − zB)ω
ρ′
ρ ω
σ′
σ , (53)
Hˆ(2,L)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ =
2πz2B
(2p · q)2
(
pσhˆ(1)ρµν −
z2zBNˆ
(2)ρσ
µν
z2 − zB − iǫ
)
δ(z1 − zB)ω
ρ′
ρ ω
σ′
σ , (54)
Hˆ(2,R)ρσµν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ =
2πz2B
(2p · q)2
(
pσhˆ(1)ρ†νµ −
z1zBNˆ
(2)ρσ†
νµ
z1 − zB + iǫ
)
δ(z2 − zB)ω
ρ′
ρ ω
σ′
σ , (55)
where zB ≡ 2p · q/Q
2, hˆ
(0)
µν = Γqµ/nΓ
q
ν/p
+, hˆ
(1)ρ
µν = Γqµ/nγ
ρ /¯nΓqν , Nˆ
(2)ρσ
µν = q−Γµγρ/nγσΓν ,
and hˆ
(2)ρσ
µν = p+Γµ /¯nγ
ρ/nγσ /¯nΓν/2. We see in particular the following two features: (1)
the z-dependence of the collinear-expanded hard parts, multiplied by the projection op-
erator ω ρ
′
ρ for j > 0, is usually very simple and in particular for j = 0 and 1, it is
contained only in the δ-function; (2) these hard parts for j > 0 usually depend on less
number of parton momenta compared to the corresponding hard parts before the collinear
expansion. For example, Hˆ
(1,c)ρ
µν (z1, z2)ω
ρ′
ρ depends only on one parton momentum (ei-
thor z1 or z2); Hˆ
(2,M)ρ
µν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ depends only on z, while Hˆ
(2,L)ρ
µν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ or
Hˆ
(2,R)ρ
µν (z1, z, z2)ω
ρ′
ρ ω
σ′
σ each has two terms one of which depends only on either z1 or z2, the
other depends on both z1 and z2 but none of them depends on z. This implies that we can
carry out the integration over some of the parton momenta in the corresponding correlators
and simplify the expressions for the hadronic tensors. The results are given by,
W˜ (0)µν (q, p, S) =
1
2
Tr
[
hˆ(0)µν Ξˆ
(0)(zB, p, S;n)
]
, (56)
W˜ (1,L)µν (q, p, S) =−
1
4p · q
Tr
[
hˆ(1)ρµν ω
ρ′
ρ Ξˆ
(1)
ρ′ (zB, p, S;n)
]
, (57)
W˜ (1,R)µν (q, p, S) =−
1
4p · q
Tr
[
hˆ(1)ρ†νµ ω
ρ′
ρ Ξˆ
(1)†
ρ′ (zB, p, S;n)
]
, (58)
W˜ (2,M)µν (q, p, S) =
1
4(p · q)2
Tr
[
hˆ(2)ρσµν ω
ρ′
ρ ω
σ′
σ Ξˆ
(2A)
ρ′σ′ (zB, p, S;n)
]
, (59)
W˜ (2,L)µν (q, p, S) =
1
4(p · q)2
Tr
[
hˆ(1)ρµν ω
ρ′
ρ Ξˆ
(2B)
ρ′ (zB, p, S;n) + Nˆ
(2)ρσ
µν ω
ρ′
ρ ω
σ′
σ Ξˆ
(2C)
ρ′σ′ (zB, p, S;n)
]
,
(60)
W˜ (2,R)µν (q, p, S) =
1
4(p · q)2
Tr
[
hˆ(1)ρ†νµ ω
ρ′
ρ Ξˆ
(2B)†
ρ′ (zB, p, S;n) + Nˆ
(2)ρσ†
νµ ω
ρ′
ρ ω
σ′
σ Ξˆ
(2C)†
ρ′σ′ (zB, p, S;n)
]
,
(61)
where one correlator Ξˆ
(1)
ρ and three correlators Ξˆ
(2A)
ρσ , Ξˆ
(2B)
ρ and Ξˆ
(2C)
ρσ are involved for W˜ (1)
and W˜ (2) repectively and they are defined as,
Ξˆ(1)ρ (zB, p, S;n) ≡
1
2π
∫
d(1/z2)Ξˆ
(1,L)
ρ (zB, z2, p, S;n), (62)
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Ξˆ(2A)ρσ (zB, p, S;n) ≡
1
(2π)2
∫
d(1/z1)d(1/z2)Ξˆ
(2,M)
ρσ (z1, zB, z2, p, S;n), (63)
Ξˆ(2B)ρ (zB, p, S;n) ≡
1
(2π)2
∫
d(1/z)d(1/z2)p
σΞˆ(2,L)ρσ (zB, z, z2, p, S;n), (64)
Ξˆ(2C)ρσ (zB, p, S;n) ≡
1
(2π)2
∫
d(1/z)d(1/z2)
z2zB
z2 − zB − iǫ
Ξˆ(2,L)ρσ (zB, z, z2, p, S;n). (65)
The corresponding field operator expressions are,
Ξˆ(1)ρ (z, p, S;n) =
∑
X
∫
p+dξ−
2π
e−ip
+ξ−/z
× 〈0|L†(0,∞)Dρ(0)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉, (66)
Ξˆ(2A)ρσ (z, p, S;n) =
∑
X
∫
p+dξ−
2π
e−ip
+ξ−/z
× 〈0|L†(0,∞)Dρ(0)ψ(0)|hX〉〈hX|ψ¯(ξ−)Dσ(ξ−)L(ξ−,∞)|0〉, (67)
Ξˆ(2B)ρ (z, p, S;n) =
∑
X
∫
p+dξ−
2π
e−ip
+ξ−/z
× pσ〈0|L†(0,∞)Dρ(0)Dσ(0)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉, (68)
Ξˆ(2C)ρσ (z, p, S;n) =
∑
X
∫
p+dξ−p+dη−
2π
dz2
2π
1
z22
z2z
z2 − z − iǫ
e−ip
+ξ−/z−ip+η−/z2
× 〈0|L†(η−,∞)Dρ(η−)Dσ(η−)L†(0, η−)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉.
(69)
We note once more that, because the hard part Hˆ
(1,R)ρ
µν (z1, z2)ω
ρ′
ρ depends only on one
of the two parton momenta, we can carry out the integration over the other and obtain the
correlator Ξ
(1)
ρ that depends only on the corresponding one parton momemtum. In terms of
the field operators, this implies that the gluon field or the covariant derivative is at the same
space-time point as the quark (or anti-quark) field. Similar for the cases with even higher
j. Again, such results are derived in this systematic formulation using collinear expansion.
To proceed further, we expand the involved matrices Ξˆ’s in terms of γ-matrices. Since
both hˆ
(0)
µν , hˆ
(1)ρ
µν , hˆ
(2)ρσ
µν and Nˆ
(2)ρσ
µν all have odd number of γ-matrices, only γα and γ5γα terms
in the expansions of the Ξˆ’s contribute. For example, for j = 0 and 1, we denote,
Ξˆ(0)(z, p, S;n) =Ξ(0)α (z, p, S;n)γ
α + Ξ˜(0)α (z, p, S;n)γ5γ
α + ..., (70)
Ξˆ(1)ρ (z, p, S;n) =Ξ
(1)
ρα (z, p, S;n)γ
α + Ξ˜(1)ρα (z, p, S;n)γ5γ
α + ..., (71)
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and obtain the hadronic tensors as,
W˜ (0)µν (q, p, S) =
1
2
{
Tr
[
hˆ(0)µν γ
α
]
Ξ(0)α (zB, p, S;n) + Tr
[
hˆ(0)µν γ5γ
α
]
Ξ˜(0)α (zB, p, S;n)
}
, (72)
W˜ (1,L)µν = −
1
4p · q
{
Tr
[
hˆ(1)ρµν γ
α
]
ω ρ
′
ρ Ξ
(1)
ρ′α(zB, p, S;n) + Tr
[
hˆ(1)ρµν γ5γ
α
]
ω ρ
′
ρ Ξ˜
(1)
ρ′α(zB, p, S;n)
}
,
(73)
W˜ (1,R)µν = −
1
4p · q
{
Tr
[
hˆ(1)ρ†νµ γ
α†
]
ω ρ
′
ρ Ξ
(1)∗
ρ′α (zB, p, S;n) + Tr
[
hˆ(1)ρ†νµ (γ5γ
α)†
]
ω ρ
′
ρ Ξ˜
(1)∗
ρ′α (zB, p, S;n)
}
.
(74)
The involved matrix elements are given by,
Ξ(0)α (z, p, S;n) =
∑
X
∫
p+dξ−
8π
e−ik
+ξ−Tr
[
γα〈0|L
†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉
]
,
(75)
Ξ˜(0)α (z, p, S;n) =
∑
X
∫
p+dξ−
8π
e−ik
+ξ−Tr
[
γαγ5〈0|L
†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉
]
,
(76)
Ξ(1)ρα (z, p, S;n) =
∑
X
∫
p+dξ−
8π
e−ik
+ξ−Tr
[
γα〈0|L
†(0,∞)Dρ(0)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉
]
,
(77)
Ξ˜(1)ρα (z, p, S;n) =
∑
X
∫
p+dξ−
8π
e−ik
+ξ−Tr
[
γαγ5〈0|L
†(0,∞)Dρ(0)ψ(0)|hX〉〈hX|ψ¯(ξ
−)L(ξ−,∞)|0〉
]
.
(78)
They are Lorentz vectors and tensors of second rank with different behaviors under space
reflection respectively. We note in particular that, as can be seen from Eqs. (75-78), the
dimension of Ξ
(0)
α or Ξ˜
(0)
α is 1 while that for Ξ
(1)
ρα or Ξ˜
(1)
ρα is 2. This is important when we
analyse the Lorentz structure of them in terms of the 4-vectors p, n and so on. Also because
of parity invariance, we have
Ξ(0)α (z, p, S;n) = Ξ
(0)α(z, p˜,−S˜; n˜), (79)
Ξ˜(0)α (z, p, S;n) = −Ξ˜
(0)α(z, p˜,−S˜; n˜), (80)
where the tilded vector denotes p˜µ = (p0,−~p). We emphasize that S in the argument in
general specifies the spin state of the hadron h. In the case of spin-1/2 hadron, S is just
the polarization vector as usually used and we have Eqs. (79) and (80) for parity invariance.
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For spin-1 hadron, the whole set of variables needed to describe the spin state are more
complicated. This will be discussed in a precise manner in next section where hadrons with
different spins are considered separately. It should also be mentioned that, as it is known
in literature (see e.g. [2–4] and the references given there.), that time-reversal invariance
does not constrain the form of fragmentation functions because of the presence of final state
interactions between the hadron h and remaining multi-hadron state X in the jet.
Based on the Lorentz covariance, we can analyze the Lorentz structure of these matrix
elements Ξ
(0)
α , Ξ˜
(0)
α , Ξ
(1)
ρα and Ξ˜
(1)
ρα in terms of the involved four vectors p, n and S. We
express these matrix elements in terms of different Lorentz covariants constructed from p,
n and S and scalar functions of z. These functions of z are just different components of
fragmentation functions. For example, an analysis of Ξ
(0)
α and Ξ˜
(0)
α up to twist-3 is given in
[4]. Insert such expressions into Eqs. (72)-(74), we can calculate the hadronic tensors and
the differential cross sections and obtain their relationship to the fragmentation functions.
Such relationships are in general different for hadrons with different spins. We calculate
them for spin-0, spin-1/2 and spin-1 hadrons respectively in next sections.
We note that calculations of differential cross sections including twist-3 contributions
have been carried out in liturature such as [6] for even more complicated process e++ e− →
h1+h2+X via electromagnetic interaction for spin-1/2 hadrons. As most of the higher twist
calculations carried out earlier, the approachs given there are different from that presented
in the current paper in the following way. In contrast to what we do here, the calculations
given there do not start with a formalism after the collinear expansion. In stead, they usually
start from the hadronic tensors such as the W
(0)
µν , W
(1,L)
µν and W
(1,R)
µν given by Eqs.(5) and
(9) obtained directly from the Feynman diagrams as given in Figs. 2(a) and (b), extract
the twist-2 and -3 terms by making appropriate approximations during the calculations,
and insert the gauge link(s) whenever needed to guarantee the gauge invariance. It is not
studied whether collinear expansion can be applied to such process in a systematic way. A
systematic formalism is lacking and it is in particular not obvious where the gauge link comes
from and whether the calculations extend to even higher twists. In this way, one usually
obatins the same results for leading twist contributions as we do using the formalism after the
collinear expansion but might get different expressions at higher twists since the higher twist
correlators are usually different. The higher twist correlators used in the formalism after
collinear expansion are the Ξˆ’s such as those given by Eqs. (38) and (39) where covariant
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derivatives are used while those before the expansion are the Πˆ’s such as those given by Eqs.
(12) and (13) where gluon fields are used in the corresponding places.
III. THE HADRONIC TENSOR UP TO TWIST-3
In order to obtain the hadronic tensor and the cross section, we need to expand the Ξ
(0)
α ,
Ξ˜
(0)
α , Ξ
(1)
ρα , Ξ˜
(1)
ρα , . . . , according to the Lorentz structure. This expansion depends strongly on
the spin of the produced hadron h. In this section, we present the results for the hadronic
tensors up to twist-3 for spin-0, spin-1/2 and spin-1 hadrons respectively. The results for
the differential cross sections for hadrons with different spins are presented in next section.
A. Spin-0 hadrons
The situation is simplest for spin zero hadrons such as mesons in the JP = 0− octet. This
is also the same if we do not consider the polarization for hadrons with non-zero spins.
For spin-0 hadrons, to the leading twist, we need only to consider,
zΞ(0)α(z, p;n) = pαD1(z) + · · · . (81)
By inserting Eq. (81) into Eq. (72), we obtain,
W˜ (0)µν (q, p) =
1
2zB
Tr
(
hˆ(0)µν /p
)
D1(zB). (82)
We carry out the trace Tr(hˆ
(0)
µν /p) = −4(c
q
1dµν + ic
q
3ε⊥µν), where dµν = gµν − nµn¯ν − n¯µnν ,
ε⊥µν = εµνρσn¯ρnσ, c
q
1 = (c
q
V )
2 + (cqA)
2 and cq3 = 2c
q
V c
q
A, and obtain,
W˜ (0)µν (q, p) = −
2
zB
(cq1dµν + ic
q
3ε⊥µν)D1(zB), (83)
where D1(z) is given by,
D1(z) =
z
4
∑
X
∫
dξ−
2π
e−ip
+ξ−/zTr
[
γ+〈0|L†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉
]
, (84)
is the leading twist fragmentation function in the unpolarized case. It can easily be seen
that qµdµν = 0 and q
µε⊥µν = 0, so that qµW
(0)
µν (q, p) = 0.
For e+e− → γ∗ → qq¯ → h + X , i.e., e+e− annihilation via electromagnetic interaction,
the corresponding results can be obtained by putting cqV = 1 and c
q
A = 0, i.e., c
q
1 = 1 and
17
cq3 = 0 into the above mentioned equations. Hence, we have,
W˜ (0)emµν (q, p) = −
2
zB
dµνD1(zB). (85)
We see that, for the weak interaction, the hadronic tensor given by Eq. (83) contains
a symmetric and an anti-symmetric part while for electromagnetic interaction only the
symmetric part left.
In can easily be shown that the twist-3 contribution in this case is equal to zero. This
can be shown by analysing the Lorentz structure of Ξ
(1)
ρα and Ξ˜
(1)
ρα . Hence the results given
in Eq. (83) is also the complete hadronic tensor for spin-0 hadron production up to twist-3.
B. Spin-1/2 hadrons
For spin-1/2 hadrons, the polarization is described by the polarization vector Sµ. At high
energies, this polarization vector Sµ is usually decomposed into the transverse polarization
vector Sµ⊥ and the helicity λh components,
Sµ = λh
p+
M
n¯µ + Sµ⊥ − λh
M
2p+
nµ. (86)
We see that, compared to the n¯-component, the n⊥- and the n-components are suppressed
by a factorM/p+ and (M/p+)2 respectively after the Lorentz boost hence contribute only at
higher twists. Up to twist-3, we need to consider W˜
(0)
µν (q, p) and W˜
(1)
µν (q, p). After an analysis
of the Lorentz structure of the corresponding correlators Ξ(0)α(z, p, S;n), Ξ˜(0)α(z, p, S;n),
Ξ(1)ρα(z, p, S;n) and Ξ˜(1)ρα(z, p, S;n) as functions of p, n and S, we obtain that, up to
twist-3, we need to consider the following terms,
zΞ(0)α(z, p, S;n) = pαD1(z) +Mε
αγ
⊥ S⊥γDT (z) + · · · , (87)
zΞ˜(0)α(z, p, S;n) = λhp
α∆D1L(z) +MS
α
⊥∆DT (z) + · · · , (88)
zΞ(1)ρα(z, p, S;n) = Mεργ⊥ S⊥γp
αξ
(1)
⊥S(z) + · · · , (89)
zΞ˜(1)ρα(z, p, S;n) = iMSρ⊥p
αξ˜
(1)
⊥S(z) + · · · , (90)
where all D1, DT , ∆DT , ∆D1L, ξ
(1)
⊥S, and ξ˜
(1)
⊥S are scalar functions of z.
Carrying out the traces, such as, Tr[h
(0)
µν γαε
αγ
⊥ ]S⊥γ = 4(c
q
1n{µε⊥ν}γS
γ
⊥ + ic
q
3n[µS⊥ν])/p
+,
Tr[h
(0)
µν γ5/p] = 4(c
q
3dµν+ ic
q
1ε⊥µν), where A{µBν} ≡ AµBν+AνBµ and A[µBν] ≡ AµBν−AνBµ,
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we obtain that, for spin 1/2 hadrons, up to twist-3, the hadronic tensors are given by,
W˜ (0)µν (q, p, S) =
2
zB
{
− (cq1dµν + ic
q
3ε⊥µν)D1(zB) + λh (c
q
3dµν + ic
q
1ε⊥µν)∆D1L(zB)
+
M
p+
(
cq1n{µε⊥ν}γS
γ
⊥ + ic
q
3n[µS⊥ν]
)
DT (zB)
−
M
p+
(
cq3n{µS⊥ν} − ic
q
1n[µε⊥ν]γS
γ
⊥
)
∆DT (zB)
}
, (91)
W˜ (1,L)µν (q, p, S) =
2
zB
M
p · q
(cq1pνε⊥µγS
γ
⊥ − ic
q
3pνS⊥µ)
[
ξ
(1)
⊥S(zB) + ξ˜
(1)
⊥S(zB)
]
. (92)
We see that, besides D1(z) defined in previous sub-section, there is another leading twist
fragmentation function ∆D1L(z) that contributes to the hadronic tensor and ∆D1L(z) is
defined by,
λh∆D1L(z) =
z
4
∑
X
∫
dξ−
2π
e−ip
+ξ−/zTr[γ+γ5〈0|L
†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉].
(93)
The two twist-3 fragmentation functions, DT (z) and ∆DT (z), are given by,
MS2⊥DT (z) =
z
4
∑
X
∫
p+dξ−
2π
e−ip
+ξ−/zεαγ⊥ S⊥γTr[γα〈0|L
†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉],
(94)
MS2⊥∆DT (z) =
z
4
∑
X
∫
p+dξ−
2π
e−ip
+ξ−/zTr[/S⊥γ5〈0|L
†(0,∞)ψ(0)|hX〉〈hX|ψ¯(ξ−)L(ξ−,∞)|0〉],
(95)
where S2⊥ = −|~S⊥|
2. The other two twist-3 fragmentation functions, ξ
(1)
⊥S(z) and ξ˜
(1)
⊥S(z) are
not independent. They are related to DT (z) and ∆DT (z). In fact, using the QCD equation
of motion γ ·D(x)ψ(x) = 0, we obtain,
p+
z
Ξ(0)ρ(z, p, S;n) = −nα
[
ReΞ(1)ρα(z, p, S;n) + ερ⊥σImΞ˜
(1)σα(z, p, S;n)
]
, (96)
p+
z
Ξ˜(0)ρ(z, p, S;n) = −nα
[
ReΞ˜(1)ρα(z, p, S;n) + ερ⊥σImΞ
(1)σα(z, p, S;n)
]
. (97)
This leads to,
DT (z) = −zRe[ξ
(1)
⊥S(z) + ξ˜
(1)
⊥S(z)], (98)
∆DT (z) = zIm[ξ
(1)
⊥S(z) + ξ˜
(1)
⊥S(z)]. (99)
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By inserting Eqs. (98) and (99) into Eq. (92), adding the contribution from W˜
(0)
µν and that
from W˜
(1)
µν together, we obtain the complete result for the hadronic tensor up to twist-3 as
given by,
Wµν(q, p, S) =
2
zB
{
− (cq1dµν + ic
q
3ε
µν
⊥ )D1(zB) + λh (c
q
3dµν + ic
q
1ε⊥µν)∆D1L(zB)
+
M
p · q
[
cq1(q − 2p/zB){µε⊥ν}γS
γ
⊥ + ic
q
3(q − 2p/zB)[µS⊥ν]
]
DT (zB)
−
M
p · q
[
cq3(q − 2p/zB){µS⊥ν} − ic
q
1(q − 2p/zB)[µε⊥ν]γS
γ
⊥
]
∆DT (zB)
}
.
(100)
It is easy to verify that qµWµν = 0.
We note that the first term in this case is the same as that obtained in the case for spin
zero hadrons. The other terms are spin dependent hence do not exist for the spin zero case.
The second term depends on the longitudinal component of the polarization while the other
terms depend on the transverse components of the polarization. We will come back to this
point in the next section.
If we consider e+e− → γ∗ → qq¯ → h+X , we have,
W emµν (q, p, S) =
2
zB
{
−dµνD1(zB) + iλhε⊥µν∆D1L(zB)
+
M
p · q
(q − 2p/zB){µε⊥ν}γS
γ
⊥DT (zB)
+i
M
p · q
(q − 2p/zB)[µε⊥ν]γS
γ
⊥∆DT (zB)
}
. (101)
We see that the terms remained include a symmetric spin independent leading twist term, an
anti-symmetric longitudinal spin dependent leading twist term and also a twist-3 transverse
spin dependent term. They can give us measurable effects that we will discuss in next
section.
C. Vector mesons
For spin one particle, we need to use the 3 × 3 spin density matrix ρ to describe the
polarization state. We all know that ρ is a Hermite and normalized (i.e. Trρ = 1) matrix
hence has 8 degrees of freedom. This means that we need 8 independent variables to describe
the polarization state of the vector meson. We choose to decompose ρ into a polarization
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vector Sµ and a polarization tensor T µν . In the rest frame of the vector meson, ρ takes the
following form [30],
ρ =
1
3
(
1 +
3
2
SiΣi + 3T ijΣij
)
, (102)
where Σi is the spin matrix for spin one state, Σij is defined as,
Σij =
1
2
(
(ΣiΣj + ΣjΣi)−
2
3
δij
)
. (103)
T ij is a traceless symmetric tensor and is parameterized in terms of SLL, S
i
LT and S
ij
TT ,
T =
1
2


−2
3
SLL + S
xx
TT S
xy
TT S
x
LT
SxyTT −
2
3
SLL − S
xx
TT S
y
LT
SxLT S
y
LT
4
3
SLL

 , (104)
so that the spin density matrix ρ is given by,
ρ =


1+SLL
3
+ SL
2
(Sx
LT
−iSy
LT
)+(Sx
T
−iSy
T
)
2
√
2
Sxx
TT
−iSxy
TT
2
(SxLT+iS
y
LT
)+(SxT+iS
y
T
)
2
√
2
1−2SLL
3
(−SxLT+iSyLT )+(SxT−iSyT )
2
√
2
SxxTT+iS
xy
TT
2
(−SxLT−iSyLT )+(SxT+iSyT )
2
√
2
1+SLL
3
− SL
2

 , (105)
The polarization vector Sµ is similar to what we have for spin-1/2 particle and in a moving
frame of the vector meson, Sµ behaves as a Lorentz vector in the same form as that given in
Eq. (86) and satisfies p · S = 0. The physical meaning of the polarization vector Sµ is also
clear and is similar to that for spin-1/2 particle. T µν = T νµ is a symmetric Lorentz tensor
satisfying pµT
µν = 0. The different components of T µν have also clear physical significances.
The ranges of values of these parameters are e.g. −1 ≤ SLL ≤
1
2
, −1 ≤ SiLT ≤ 1, and
−1 ≤ SijTT ≤ 1. From Eq. (105), we see clearly that SLL is directly related to ρ00 that
describes the so-called spin alignment of vector meson. Other components of T ij are related
to the probabilities for the vector meson to be in different transversely polarized states. A
detailed description can e.g. be found in the appendix of [30].
Using such a decomposition of ρ, we should obtain the quark correlators as functions of
n, p, Sµ, SLL, S
µ
LT and S
µν
TT . For the inclusive process, the contributing terms up to twist-3
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are given by,
zΞ(0)α(z, p, S;n) = pα [D1(z) + SLLD1LL(z)] +Mε
αγ
⊥ S⊥γDT (z) +MS
α
LTDLT (z) + · · · ,
(106)
zΞ˜(0)α(z, p, S;n) = λhp
α∆D1L(z) +MS
α
⊥∆DT (z) +Mε
αγ
⊥ SLT,γ∆DLT (z) + · · · , (107)
zΞ(1)ρα(z, p, S;n) = pα
[
Mεργ⊥ S⊥γξ
(1)
⊥S(z) +MS
ρ
LT ξ
(1)
LTS(z)
]
+ · · · , (108)
zΞ˜(1)ρα(z, p, S;n) = ipα
[
MSρ⊥ξ˜
(1)
⊥S(z) + iMε
ργ
⊥ SLT,γ ξ˜
(1)
LTS(z)
]
+ · · · . (109)
By inserting the above expansion into Eqs. (72)-(74), carrying out the traces and by
making use of the relationships such as,
DLT (z) = −zRe[ξ
(1)
LTS(z)− ξ˜
(1)
LTS(z)], (110)
∆DLT (z) = −zIm[ξ
(1)
LTS(z)− ξ˜
(1)
LTS(z)]. (111)
derived from the equation of motion to replace ξ
(1)
LTS or ξ˜
(1)
LTS by DLT or ∆DLT ’s, we obtain
the hadronic tensor for vector meson as,
Wµν(q, p, S) =
2
zB
{
− (cq1dµν + ic
q
3ε
µν
⊥ ) [D1(zB) + SLLD1LL(zB)] + λh (c
q
3dµν + ic
q
1ε⊥µν)∆D1L(zB)
+
M
p · q
[
cq1(q − 2p/zB){µε⊥ν}γS
γ
⊥ + ic
q
3(q − 2p/zB)[µS⊥ν]
]
DT (zB)
+
M
p · q
[
cq1(q − 2p/zB){µSLT,ν} − ic
q
3(q − 2p/zB)[µε⊥ν]γS
γ
LT
]
DLT (zB)
−
M
p · q
[
cq3(q − 2p/zB){µS⊥ν} − ic
q
1(q − 2p/zB)[µε⊥ν]γS
γ
⊥
]
∆DT (zB)
−
M
p · q
[
cq3(q − 2p/zB){µε⊥ν}γS
γ
LT + ic
q
1(q − 2p/zB)[µSLT,ν]
]
∆DLT (zB)
}
.
(112)
Again, we can obtain the corresponding hadronic tensor for e+e− → γ∗ → qq¯ → h +X
by putting c1 = 1 and c3 = 0 into Eq. (112), and it is given by,
W emµν (q, p, S) =
2
zB
{
−dµν [D1(zB) + SLLD1LL(zB)] + iλhε⊥µν∆D1L(zB)
+
M
p · q
(q − 2p/zB){µε⊥ν}γS
γ
⊥DT (zB)
+
M
p · q
(q − 2p/zB){µSLT,ν}DLT (zB)
+i
M
p · q
(q − 2p/zB)[µε⊥ν]γS
γ
⊥∆DT (zB)
−i
M
p · q
(q − 2p/zB)[µSLT,ν]∆DLT (zB)
}
. (113)
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From the results given by Eqs. (112) and (113), we see similar structure as that in the
case for spin-1/2 hadrons, i.e., a spin independent leading twist term that is the same as
in the case for spin zero hadrons, a longitudinal polarization dependent leading twist term,
and a number of transverse spin dependent twist-3 terms. We have, for vector mesons, in
particular also a leading twist SLL term which is related to the spin alignment and we will
discuss in detail in next section.
IV. THE CROSS SECTION AND POLARIZATION OF HADRONS PRODUCED
By inserting the hadronic tensors obtained in last section into Eq. (1), we obtain the
differential cross sections in the corresponding cases. From the cross sections, we obtain not
only the production rates of the hadrons but also the polarization of the hadrons produced
in different cases. In this section, we present the results for hadrons with different spins
respectively. In this paper, we consider only the reactions with unpolarized electrons and
unpolarized positions.
A. Spin-0 hadrons
By inserting Eq. (83) into Eq. (1), we obtained the differential cross section for inclusive
hadron production in e+e− annihilation as,
Ep
dσ
d3p
=
2α2
zQ4
χT0(y)D1(z), (114)
where α = e2/4π is the fine structure costant, χ = Q4/[(Q2 −M2Z)
2 + Γ2ZM
2
Z ] sin
4 2θW is a
kinematic factor depending on Z0 mass and Weinberg angle, the coefficient T0 is a function
of y and is given by,
T q0 (y) = c
q
1c
e
1A(y)− c
q
3c
e
3B(y), (115)
and A(y) = (1− y)2 + y2, B(y) = 1− 2y. Here, y is the longitudinal momentum fraction of
electron defined as, y ≡ l1 · n/k · n = zl
+
1 /p
+ so that l1 = yp
+n¯/z + (1− y)zQ2n/(2p+) + l⊥,
l⊥ = (0, 0, l⊥x, 0), |~l⊥| = |l⊥x| =
√
y(1− y)Q. In the e+e− center of mass frame, y =
(1+ cos θ)/2 where θ is the angle between the incident electron and the produced quark. In
terms of θ, A(y) = (1+cos2 θ)/2 and B(y) = − cos θ. The coefficient function T0(y) is flavor
dependent and is essentially the relative weight for the contribution from the given flavor.
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We note that the differential cross section is in general a function of z = zB and y. We
can change the variables and obtain the differential cross section with respect to z and y as,
d2σ
dzdy
=
2πα2
Q2
χT0(y)D1(z). (116)
We emphasize once more that z = p+/k+ is the light cone momentum fraction of the quark
carried by the hadron and y = l+1 /k
+ is the light cone momentum fraction of the incident
electron which is determined by the angle between the electron and the quark and is given
by y = cos2(θ/2) in the c.m. frame of e+e−. The y or θ dependence is contained in the
coefficient function T0(y). We can carry out the integration over y or θ and obtain,
dσ
dz
=
2πα2
Q2
χt0D1(z), (117)
where t0 =
∫
dyT0(y) = 2c
q
1c
e
1/3 is a flavor dependent constant.
The corresponding results for e+e− → γ∗ → qq¯ → h + X are obtained by putting
cq1 = 1 and c
q
3 = 0 into the corresponding equations. In this case, we have, T0(y) = A(y),
independent of the flavor, the kinematic factor χ = 1 and g4z/16 should be replaced by e
4e2q.
Hence,
Ep
dσem
d3p
=
2α2e2q
zQ4
[(1− y)2 + y2]D1(z). (118)
In terms of z and y, we have,
dσem
dzdy
=
2πα2e2q
Q2
[(1− y)2 + y2]D1(z). (119)
Carrying out the integration over y or θ, we have,
dσem
dz
=
4πα2e2q
3Q2
D1(z). (120)
If we write out the summations over flavor and color explicitly, we have, e.g.,
d2σ
dzdy
= Nc
∑
q
2πα2
Q2
χT q0 (y)D
q→h
1 (z), (121)
where the sum over q runs for all quark and anti-quark flavors involved, and for anti-quark,
it can easily be seen that T q¯0 (y) = T
q
0 (1− y), and the fragmentation function is defined as,
Dq¯→h1 (z) =
z
4
∑
X
∫
dξ−
2π
e−ip
+ξ−/z〈0|ψ¯(0)γ+L(0,∞)|hX〉〈hX|L†(ξ−,∞)ψ(ξ−,∞)|0〉. (122)
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For e+e− → γ∗ → qq¯ → h+X , the cross section takes the form,
dσem
dz
=
∑
q
4πα2
3Q2
e2qD
q→h+X
1 (z). (123)
which is just the result used usually when describing hadron production in e+e− annihilation
at high energies in the unpolarized case.
B. Spin-1/2 hadrons
For hadrons with nonzero spins, we can calculate not only the differential cross section
but also the polarizations. Here, we present the results for cross section and polarization for
spin-1/2 hadrons.
1. The cross section
We insert the hadronic tensor given by Eq. (100) into Eq. (1), and we obtain the differ-
ential cross section for spin-1/2 hadrons as,
Ep
dσ
d3p
=
2α2
zQ4
χ
{[
T0(y)D1(z) + λhT1(y)∆D1L(z)
]
+
2M
p · q
[
εl⊥S⊥⊥ T2(y)DT (z) + l⊥ · S⊥T3(y)∆DT (z)
]}
. (124)
We see that, besides the first term that is equivalent to what we have for spin zero hadrons,
there are three other spin dependent terms where the coefficient functions Ti(y)’s for quarks
are given by,
T1(y) = −c
q
3c
e
1A(y) + c
q
1c
e
3B(y), (125)
T2(y) = −c
q
3c
e
3 + c
q
1c
e
1B(y), (126)
T3(y) = c
q
1c
e
3 − c
q
3c
e
1B(y), (127)
and these for the anti-quarks are related to those for the corresponding quarks in the fol-
lowing way,
T q¯1 (y) = T
q
1 (1− y), (128)
T q¯2 (y) = −T
q
2 (1− y), (129)
T q¯3 (y) = −T
q
3 (1− y). (130)
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We see also that T2(y) and T3(y) are just the first derivative of T0(y) and T1(y) respectively,
i.e., T2(y) = −(1/2)dT
q
0 (y)/dy and T3(y) = −(1/2)dT1(y)/dy.
Denote the angle between ~S⊥ and ~l⊥ by φs, we obtain ε
l⊥S⊥
⊥ = |l⊥||S⊥| sinφs and l⊥ ·S⊥ =
−|l⊥||S⊥| cosφs. |l⊥| =
√
y(1− y)Q = sin θQ/2. So that the cross section can also be
expressed as,
Ep
dσ
d3p
= χ
2α2
zQ4
{[
T0(y)D1(z) + λhT1(y)∆D1L(z)
]
+
4M
zQ
|~S⊥|
√
y(1− y)
[
T2(y)DT (z) sin φs − T3(y)∆DT (z) cos φs
]}
. (131)
We see that ∆D1L(z) is responsible for the longitudinal polarization of the hadron while
∆DT (z) and DT (z) are sources of the transverse polarizations in and transverse to the
leptonic plane respectively. We will come back to this point in next sub-section.
In terms of z and y, we have,
dσ
dzdy
= χ
2πα2
Q2
{[
T0(y)D1(z) + λhT1(y)∆D1L(z)
]
+
4M
zQ
|~S⊥|
[
T˜2(y)DT (z) sin φs − T˜3(y)∆DT (z) cos φs
]}
, (132)
where T˜i(y) =
√
y(1− y)Ti(y). Carrying out the integration over y (or θ), we have,
dσ
dz
= χ
2πα2
Q2
{[
t0D1(z) + λht1∆D1L(z)
]
+
4M
zQ
|~S⊥|
[
t˜2DT (z) sin φs − t˜3∆DT (z) cosφs
]}
, (133)
where ti ≡
∫
dyTi(y) are flavor dependent constants determined by c
q
1 and c
q
3, i.e., t1 =
−2cq3c
e
1/3, t˜2 = −πc
q
3c
e
3/8 and t˜3 = πc
q
1c
e
3/8 .
By inserting c1 = 1 and c3 = 0 into these equations, we obtain the correspond-
ing results for e+e− → γ∗ → qq¯ → h + X , where we have, T1(y) = T˜3(y) = 0, and
T˜2(y) =
√
y(1− y)B(y) = − sin 2θ/2. Hence, the cross section is given by,
Ep
dσem
d3p
=
2α2e2q
zQ4
{
D1(z)(1 + cos
2 θ)− |~S⊥|
4M
zQ
DT (z) sin 2θ sinφs
}
. (134)
In terms of z and y, we have,
dσem
dzdy
=
2πα2e2q
Q2
{
[(1− y)2 + y2]D1(z)− |~S⊥|
4M
zQ
√
y(1− y)(1− 2y)DT (z) sin φs
}
. (135)
Carrying out the integration over y, we see that all the twist-3 terms vanish and we obtain,
dσem
dz
=
4πα2
3Q2
e2qD1(z), (136)
which is the same as that obtained for the spin-0 hadron.
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2. Hadron polarization
From Eq. (132), we see that the spin-1/2 hadron produced in e+e− → Z → qq¯ → h +X
is longitudinally polarized. The longitudinal polarization is given by,
PLh(z, y) =
T1(y)∆D1L(z)
T0(y)D1(z)
, (137)
We write out the flavor index and summation over the flavor explicitly so that Eq. (137)
takes the following form,
PLh(z, y) =
∑
q T
q
1 (y)∆D
q→h
1L (z)∑
q T
q
0 (y)D
q→h
1 (z)
. (138)
We recall that T q0 (y) represents the relative weight for the contribution from quark (anti-
quark) of flavor q and Eq. (138) can be re-written as,
PLh(z, y) =
∑
q Pq(y)T
q
0 (y)∆D
q→h
1L (z)∑
q T
q
0 (y)D
q→h
1 (z)
, (139)
where Pq(y) = T
q
1 (y)/T
q
0 (y) is the polarization of the quark produced. Such quark polariza-
tion has been calculated explicitly in e.g. [31] and the numerical results can be found there.
It is also clear that ∆Dq→h1L (z) is nothing else but the spin transfer in the fragmentation
process.
We see that the polarization is in general different for hadrons produced in different θ
directions. The θ or y dependence comes from the y dependence of Ti which describes the rel-
ative weights and polarizations of the quarks of different flavors. To study the fragmentation
functions, we can integrate over y or θ and obtain,
PLh(z) =
∑
q t
q
0Pq∆D
q→h
1L (z)∑
q t
q
0D
q→h
1 (z)
, (140)
where Pq = t
q
1/t
q
0 = −c
q
3/c
q
1, is the polarization of the quark of flavor q averaged over different
directions.
It is also very interesting to see, from Eq. (132), that although the quark and/or anti-
quark is longitudinally polarized in e+e− → Z → qq¯ → h +X , the produced hadron h can
possess also a transverse polarization at the twist-3 level. We take the helicity frame of h,
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i.e., take the direction of motion of h as z-direction, and we obtain,
Phx(z, y) = −
4M
zQ
∑
q T˜
q
3 (y)∆D
q→h
T (z)∑
q T
q
0 (y)D
q→h
1 (z)
, (141)
Phy(z, y) =
4M
zQ
∑
q T˜
q
2 (y)D
q→h
T (z)∑
q T
q
0 (y)D
q→h
1 (z)
, (142)
for given y or θ. Here, we recall once more that the x and y directions are defined in or
transverse to the leptonic plane. Integrating over y, we obtain,
Phx(z) = −
4M
zQ
∑
q t˜
q
3∆D
q→h
T (z)∑
q t
q
0D
q→h
1 (z)
, (143)
Phy(z) =
4M
zQ
∑
q t˜
q
2D
q→h
T (z)∑
q t
q
0D
q→h
1 (z)
. (144)
If we consider e+e− → γ∗ → qq¯ → h +X , we see that the longitudinal polarization and
the transverse polarization inside the leptonic plane vanish, i.e., P emLh (z, y) = P
em
hx (z, y) = 0.
However, we can still have a non-vanishing polarization transverse to the leptonic plan at
the twist-3 level. The result is given by,
P emhy (z, y) =
4M
zQ
√
y(1− y)(1− 2y)
(1− y)2 + y2
∑
q e
2
qD
q→h
T (z)∑
q e
2
qD
q→h
1 (z)
, (145)
or in terms of the angle θ,
P emhy (z, θ) = −
2M
zQ
sin 2θ
1 + cos2 θ
∑
q e
2
qD
q→h
T (z)∑
q e
2
qD
q→h
1 (z)
. (146)
This polarization vanishes also after the integration over y or θ, i.e., P emLh = P
em
hx = P
em
hy = 0.
We note that such a transverse polarization has also been expected in [6] where calcula-
tions of differential cross section of two hadron production e+e− → h1 + h2 +X have been
carried out starting directly from the hadronic tensor reading from the diagrams similar
to those given by Fig. 2. The results take the same form when appropriate gauge link is
inserted the fragmentation functions given there.
Experimental studies on the longitudinal polarization of Λ-hyperon have been carried out
by ALEPH and OPAL Collaborations at LEP [13, 14]. The data show a clear polarization
and can be used to study the properties in general and to obtain a parameterization of
∆D1L(z) in particular. Such parameterizations exist already in literature and can be found
e.g. in [7]. We will not go to the details in that direction in this paper.
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Little discussion can be found on the transverse polarization presented above for e+e−
annihilation and there is no measurement available yet. We emphasize that such measure-
ments are very useful in studying higher effects in general and provide us direct information
on the twist-3 fragmentation function given in Eq. (94) in particular.
C. Vector meson
For hadrons with spin-one e.g. the vector mesons, the spin dependence is more com-
plicated thus makes the study even more interesting. Here, we present the results for the
differential cross section and the results for the spin alignment factor ρ00 in the following.
1. The cross section
By insert the hadronic tensor Eq. (112) into Eq. (1), we get the cross section,
E
dσ
d3p
=
2α2
zQ4
χ
{[
T0(y)D1(z) + T0(y)SLLD1LL(zB) + λhT1(y)∆D1L(z)
]
+
4M
zQ
|~S⊥|
[
T˜2(y) sinφsDT (z)− T˜3(y) cosφs∆DT (z)
]
+
4M
zQ
|~S⊥|
[
−T˜2(y) cosφLTDLT (z) + T˜3(y) sinφLT∆DLT (z)
]}
, (147)
where φLT is the angle between ~SLT and ~l⊥. We see that the cross section in general
depends on the polarization of the vector meson. We also see that the coefficient functions
Ti(y) describe the relative weights and polarizations of the quarks and/or anti-quarks of
different flavors. They are the same as those defined in Sec. IVB for production of spin-1/2
hadrons.
In terms of z and y, we have,
dσ
dzdy
= χ
2πα2
Q2
{[
T0(y)D1(z) + T0(y)SLLD1LL(zB) + λhT1(y)∆D1L(z)
]
+
4M
zQ
|~S⊥|
[
T˜2(y) sinφsDT (z)− T˜3(y) cosφs∆DT (z)
]
+
4M
zQ
|~S⊥|
[
−T˜2(y) cosφLTDLT (z) + T˜3(y) sinφLT∆DLT (z)
]}
. (148)
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Carrying out the integration over y or θ, we have,
dσ
dz
=
2πα2
Q2
χ
{[
t0D1(z) + t0SLLD1LL(z) + λht1∆D1L(z)
]
+
4M
zQ
|~S⊥|
[
t˜2 sin φsDT (z)− t˜3 cosφs∆DT (z)
]
+
4M
zQ
|~S⊥|
[
−t¯2 cosφLTDLT (z) + t˜3 sinφLT∆DLT (z)
]}
. (149)
For the electromagnetic interaction process e+e− → γ∗ → qq¯ → h+X , the corresponding
result is obtained by putting T0(y) = A(y), T1(y) = T˜3(y) = 0, T˜2(y) =
√
y(1− y)B(y), and
we have,
E
dσem
d3p
=
2α2e2q
Q4z
{
A(y)
[
D1(z) + SLLD1LL(z)
]
+
M
zQ2
B(y)
[
εl⊥S⊥⊥ DT (z) + l⊥ · SLTDLT (z)
]}
. (150)
In terms of z and y, we have,
dσem
dzdy
=
2πα2e2q
Q2
{
A(y)
[
D1(z) + SLLD1LL(z)
]
+
M
zQ
√
y(1− y)B(y)
[
|~S⊥| sinφsDT (z)− |~SLT | cosφLTDLT (z)
]}
. (151)
Carrying out the integration over y, we obtain,
dσem
dz
= e2q
4πα2
3Q2
[D1(z) + SLLD1LL(z)] . (152)
2. The spin alignment
Polarization of vector meson has been studied in [15–17] by OPAL and DELPHI at LEP
where ρ00 has been measured in the helicity frame of the vector meson. Phenomenological
studies have also been carried out in e.g. [32]. From the results obtained above, we see clearly
that ρ00 can be expressed in terms of different components of the fragmentation functions.
We present the results in the following.
From the differential cross section, ρ00 can be calculated in the following way,
ρ00 =
dσ00
dσ++ + dσ00 + dσ−−
(153)
where the superscript of σ denotes the helicity of the vector meson. These cross sections
can easily be calculated by inserting the corresponding values for the parameters S into
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Eqs. (148) and (149). For example, for dσ++, we calculate the cross section for vector meson
in helicity state λh = 1 hence, ρ++ = 1 otherwise ρmm′ = 0. This implies that SLL =
1
2
,
SL = 1, and all the other components of S are zero. Hence, we have,
dσ++
dzdy
= χ
2πα2
Q2
{
T0(y)
[
D1(z) +
1
2
D1LL(z)
]
+ T1(y)∆D1L(z)
}
. (154)
Integrated over y, we have
dσ++
dz
= χ
2πα2
Q2
{
t0
[
D1(z) +
1
2
D1LL(z)
]
+ t1∆D1L(z)
}
. (155)
Similarly, for λh = 0, SLL = −1, SL = 0, and all the other components of S equal to zero.
Hence, we have,
dσ00
dzdy
=
2πα2
Q2
χT0(y)
[
D1(z)−D1LL(z)
]
, (156)
dσ00
dz
=
2πα2
Q2
χt0
[
D1(z)−D1LL(z)
]
. (157)
For λh = −1, SLL =
1
2
, SL = −1, and other components are zero, so that,
dσ−−
dzdy
=
2πα2
Q2
χ
{
T0(y)
[
D1(z) +
1
2
D1LL(z)
]
− T1(y)∆D1L(z)
}
, (158)
dσ−−
dz
=
2πα2
Q2
χ
{
t0
[
D1(z) +
1
2
D1LL(z)
]
− t1∆D1L(z)
}
. (159)
Hence, we obtain ρ00 as given by,
ρ00(z, y) =
1
3
−
1
3
∑
q T
q
0 (y)D
q→h
1LL (z)∑
q T
q
0 (y)D
q→h
1 (z)
, (160)
or integrated over y or θ,
ρ00(z) =
1
3
−
1
3
∑
q t
q
0D
q→h
1LL (z)∑
q t
q
0D
q→h
1 (z)
, (161)
where we have written out the summation over flavor explicitly.
From the Eqs. (160) and (161), without knowing any detail of the fragmentation functions,
we are already able to see the following features for the spin alignment parameter ρ00 in e
+e−-
annihilations. First, the spin alignment ρ00 for vector mesons produced in e
+e−-annihilations
does not depend on the polarization of the quark and/or anti-quark produced at the e+e−-
annihilation vertex. This can be understood since ρ00 = 1 − (ρ++ + ρ−−) describes only
the difference between the vector meson in the helicity ±1 and helicity zero state but has
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nothing to do with the quark polarization in the helicity direction. Second, besides the
fragmentation function itself, the quark flavor dependence comes in only in the relative
production weight. Since the fragmentation function is determined by strong interaction,
the isospin symmetry is valid and even SU(3) flavor symmetry is approximately applicable
to a good accuracy. Furthermore, the spin structures of vector mesons of different flavors are
similar to each other. Hence, if we consider only the light flavor vector mesons, we expect
that ρ00 is approximately the same for different mesons. Such a feature is in contrast to the
polarizations for spin-1/2 hadrons discussed in last sub-section where different hyperons are
expected to have rather different polarizations. This feature for ρ00 is consistent with the
data available [15, 17] and can be further checked by future experiments.
For electromagnetic interaction process e+e− → γ∗ → qq¯ → h+X ,
ρem00 =
1
3
−
1
3
∑
q e
2
qD
q→h
1LL (z)∑
q e
2
qD
q→h
1 (z)
, (162)
which implies that even unpolarized quarks could lead to longitudinally tensor polarized
(SLL) vector mesons. The qualitative features discussed above apply also here.
V. THE TWIST-4 CONTRIBUTIONS
Unlike the twist-3 contributions, in inclusive hadron production in e+e− annihilation at
high energies, the twist-4 contributions are mostly power suppressed corrections to the lead-
ing twist contributions whatever measurable quantities that we study. Hence, the observable
effects led by these twist-4 contributions are usually not very obvious and are difficult to
separate from the leading twist contributions. In this section, we give an example to illus-
trate how the calculations for such contributions can be carried out by using the formalism
presented in Sec. II. We should note that the twist-4 contributions that we present in this
section are results from the diagram series as illustrated in Fig. 2. It is not intend to be a
complete study of the twist-4 contributions for the reactions. There are also other sources
such as four quark correlators that contribute at twist 4. A complete study should also
take them into account. In this section, we only present the results from the diagram series
considered in this paper to show how to calculate twist-4 contributions in the formulism
described in Sec. II.
From the diagram series that we consider in this paper, the sources of the twist-4 contri-
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butions are from the quark-quark or quark-gluon-quark correlators such as, γ−ψψ¯, γ⊥ψD⊥ψ¯,
and γ+ψD⊥D⊥ψ¯. These contributions are contained in W˜
(0)
µν (q, p, S), W˜
(1)
µν (q, p, S) and
W˜
(2)
µν (q, p, S) respectively. We can pick them up from Eqs. (56)-(61) and (66)-(69). They
are given by,
W˜ (0,4)µν (q, p, S) =
1
2
Tr
[
hˆ(0)µν Ξˆ
(0)
− (zB, p, S;n)
]
, (163)
W˜ (1,L,4)µν (q, p, S) = −
1
4p · q
Tr
[
hˆ(1)ρµν ω
ρ′
ρ Ξˆ
(1)
⊥,ρ′(zB, p, S;n)
]
, (164)
W˜ (2,M,4)µν (q, p, S) =
1
4(p · q)2
Tr
[
hˆ(2)ρσµν ω
ρ′
ρ ω
σ′
σ Ξˆ
(2A)
+ρ′σ′(zB, p, S;n)
]
, (165)
W˜ (2,L,4)µν (q, n, S) =
1
4(p · q)2
Tr
[
Nˆ (2)ρσµν ω
ρ′
ρ ω
σ′
σ Ξˆ
(2C)
ρ′σ′ (zB, p, S;n)
]
, (166)
and W˜
(1,R,4)
µν (q, p, S) = W˜
(1,L,4)∗
νµ (q, p, S), W˜
(2,R,4)
µν (q, p, S) = W˜
(2,L,4)∗
νµ (q, p, S). Here we use
the number 4 in the superscript of W˜ to specify twist-4 contributions. The matrices Ξˆ
(0)
− ,
Ξˆ
(1)
⊥ρ, and Ξˆ
(2)
+ρσ are the (γ−, γ5γ−)-, (γ⊥, γ5γ⊥)-, and (γ+, γ5γ+)-components respectively of
the corresponding Ξˆ’s. They are e.g., defined as, Ξˆ
(0)
− = (γ−Ξ
(0)
− + γ5γ−Ξ˜
(0)
− ), where Ξ
(0)
α
and Ξ˜
(0)
α are defined in Eqs (75) and (76). Ξˆ
(0)
− corresponds to the γ
−ψψ¯ terms, similar
for the others. We pick up these contributions by analysing the Lorentz structures of the
corresponding Ξα’s and Ξ˜α’s.
The Lorentz structure of these components of the corresponding Ξ’s that contribute at
twist-4 level are given by,
zΞ(0)α (z, p, S;n) =
M2
p+
D−(z)nα + ..., (167)
zΞ˜(0)α (z, p, S;n) = λh
M2
p+
∆D−(z)nα + ..., (168)
zΞ(1)ρα = iλhM
2ερα⊥ ∆D
(1)
⊥ (z) +M
2dραD
(1)
⊥ (z) + ..., (169)
zΞ˜(1)ρα = λhM
2dρα∆D˜
(1)
⊥ (z) + iM
2ερα⊥ D˜
(1)
⊥ (z) + ..., (170)
zΞ(2A)ρσα = iλhM
2ερσ⊥ p
α∆D(2)(z) +M2dρσpαD(2)(z) + ..., (171)
zΞ˜(2A)ρσα = λhM
2dρσpα∆D˜(2)(z) + iM2ερσ⊥ p
αD˜(2)(z) + .... (172)
zΞ(2C)ρσα = M2dρσpαD(2L)(z) + iλhM
2ερσ⊥ p
α∆D(2L)(z), (173)
zΞ˜(2C)ρσα = M2dρσλhp
α∆D˜(2L)(z) + iM2ερσ⊥ p
αD˜(2L)(z). (174)
Here, the subscript of the D’s or D˜’s to specify that it comes from n¯, ⊥ or n-component,
the superscript specifies from which Ξ it originates; those with ∆ are longitudinal spin
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dependent, and those without ∆ are spin independent. We see that the D−(z)-term just
corresponds to the n-component of the hadron momentum p as we mentioned in Sec. II.
Again, equation of motion γ ·Dψ(z) = 0 relates,
1
z2
D−(z) =
1
z
[
D
(1)
⊥ (z)− D˜
(1)
⊥ (z)
]
= −
[
D(2)(z) + D˜(2)(z)
]
, (175)
1
z2
∆D−(z) =
1
z
[
∆D˜
(1)
⊥ (z)−∆D
(1)
⊥ (z)
]
= −
[
∆D˜(2)(z) + ∆D(2)(z)
]
. (176)
By inserting Eqs. (167)-(174) into Eqs. (56)-(61) and carrying out the traces and sim-
plifying the results using Eqs. (175)-(176), we obtain the final twist-4 contributions to the
hadronic tensor,
W (4)µν (q, p, S) =
16M2
z3Q4
{
(q − 2p/z)µ(q − 2p/z)ν [c
q
1D−(z)− λhc
q
3∆D−(z)]
−
z2
4
Q2[(cq1dµν + ic
q
3ε⊥µν)D
(2L)
4 (z) + λh(c
q
3dµν + ic
q
1ε⊥µν)∆D
(2L)
4 (z)]
}
, (177)
where the new symbols D
(2L)
4 and ∆D
(2L)
4 are defined as,
zD
(2L)
4 (z) ≡ Re[D˜
2L(z)−D(2L)(z)], (178)
z∆D2L4 (z) ≡ Re[∆D
(2L)(z)−∆D˜(2L)(z)]. (179)
After making contraction with the leptonic tensor Lµν , we obtain the twist-4 contributions
to the cross section as,
Ep
dσ
d3p
=
8α2M2
Q6z3
χ
{
[T4(y)D−(z) + T0(y)z2D
(2L)
4 (z)]
+λh[−T5(y)∆D−(z) + T1(y)z2∆D
(2L)
4 (z)]
}
, (180)
where the two new coefficient functions of y are given by,
T q4 (y) = 4y(1− y)c
e
1c
q
1 =
|~l⊥|2
Q2
d2T0(y)
dy2
, (181)
T q5 (y) = 4y(1− y)c
e
1c
q
3 = −
|~l⊥|2
Q2
d2T1(y)
dy2
. (182)
We note that T q¯4 (y) = T
q
4 (y) and T
q¯
5 (y) = T
q
5 (y). We see that there are terms that contribute
to the unpolarized cross section and those to the longitudinal polarization. Up to twist-4
level, we should add these contributions to the leading twist contributions to obtain the
final results. However, for the observables such as the production rates, the spectra and the
longitudinal polarizations, these contributions are just higher twist addenda suppressed by
the factorM2/Q2 and in general are difficult to be separated from the leading contributions.
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VI. SUMMARY AND OUTLOOK
In summary, we apply the collinear expansion to inclusive hadron production in e+e−-
annihilations at high energies. We derive the formalism that can be used to study the leading
as well as higher twist contributions in a systematic and consistent way. We calculate the
contributions to the production of hadrons with different spins up to twist-3 level. We also
present the results for spin-1/2 hadrons at the twist-4 level. The results clearly show a
number of interesting features. In the unpolarized case or for spin-zero hadrons, the cross
section has the expression as usually used. For hadron with spins, there are leading twist
longitudinal polarization for spin-1/2 hadrons in e+e− → Z → qq¯ → h+X because the initial
quark and anti-quark produced here are longitudinally polarized and such polarizations can
be transferred to the hadrons produced. There is also spin alignment ρ00 6= 1/3 for spin-1
i.e. vector mesons, and the spin alignment is independent of the polarization of the initial
quark or anti-quark thus exist also in e+e− → γ∗ → qq¯ → h +X .
At the twist-3 level, there is a transverse polarization of spin-1/2 hadrons in the leptonic
plane as well as transverse to the leptonic plane. The component of such transverse polar-
ization in the leptonic plane vanishes in e+e− → γ∗ → qq¯ → h + X but the component
transverse to the leptonic plane still remains.
In inclusive hadron production in e+e− annihilation at high energies, twist-4 contributions
are usually power suppressed addenda to leading twist contributions and do not lead to new
observable effects.
The formalism should also be extended to semi-inclusive hadron production process where
transverse momentum dependent fragmentation functions can also be studied. Such a study
is underway.
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